In this paper, we derive one-point functions of the N = 2 super-Liouville theory on a half line for the vacuum and continuous boundary conditions as a function of the bulk and boundary cosmological constants. Recently, these quantities have been pursued actively because these can be used to understand the conformal boundary states in the noncritical superstring theories. We first compute all characters of the N = 2 theory and determine their modular transformations. Using these, we find the conformal boundary states and relate them to the one-point functions. We provide semiclassical and exact checks for our results. In particular, we show that our results are consistent with the bulk two-point functions which have been obtained independently.
Introduction
Two-dimensional Liouville field theory (LFT) has been studied for its relevance with non-critical string theories and two-dimensional quantum gravity [1, 2] . This theory has been extended to the supersymmetric Liouville field theories (SLFTs) which can describe the non-critical superstring theories. In particular, the N = 2 SLFT has been studied actively because the world sheet supersymmetry can generate the spacetime supersymmetry. Besides applications to the string theories, these models provide theoretically challenging problems. The Liouville theory and its supersymmetric gen-eralizations are irrational conformal field theories (CFTs) which have continuously infinite number of primary fields. Due to this property, most CFT formalisms developed for rational CFTs do not apply to this class of models. An interesting problem is to extend the conventional CFT formalism to irrational CFTs. There has been a lot of progress in this field. Various methods have been proposed to derive structure constants and reflection amplitudes, which are basic building blocks to complete the conformal bootstrap [4, 5, 6] . These have been extended to the N = 1 SLFT in [7, 8] .
More challenging problem is to extend these formalisms to the CFTs defined in the two-dimensional space-time geometry with a boundary condition (BC) which preserves the conformal symmetry. Cardy showed that the conformally invariant BCs can be associated with the primary fields in terms of modular S-matrix elements for the case of rational CFTs [9] . It has been an issue whether the Cardy formalism can be extended to the irrational CFTs. There are active efforts to understand the conformally invariant boundary states in the context of string theories related to D-branes [10, 11, 12 ].
An important progress in this direction has been made in [13] . With a boundary action which preserves the conformal symmetry, one-point function of a bulk operator and two-point correlation functions of boundary operators have been computed extending the functional relation method developed for the bulk theory [5] . A similar treatment of the LFT defined in the classical Lobachevskiy plane, namely the pseudosphere has been made in [14] . This approach is generalized to the N = 1 SLFT for the one-point functions [15] and the boundary two-point functions [16] .
In this paper, we extend this approach to the N = 2 SLFT. This theory has been studied actively for its relevance with the string theories which can generate a spacetime supersymmetry upon compactification [17] . However, it turns out that deriving exact correlation functions for the N = 2 SLFT is a technically much more difficult problem than previous cases. The main reason is that the N = 2 SLFT has no strongweak coupling duality. The invariance of the LFT and N = 1 SLFT under b → 1/b is realized when the background charge changes to 1/b + b from its classical value of 1/b after quantum corrections [2, 3] . All the physical quantities like the correlations functions depend on the coupling constant through this combination. This invariance maintains an equivalence between a weak b << 1 and strong b >> 1 coupling limits. The duality, along with the functional relations based on the conformal symmetries, plays an essential role to determine the exact correlation functions uniquely for the LFT [6] , the N = 1 SLFT [7] , and their boundary extensions [13, 14, 15, 16] .
The background charge of the N = 2 SLFT is not renormalized. This nonrenormalization is a general aspect of N = 2 supersymmetric quantum field theories in two-dimensional space-time. Without the duality, the functional relations satisfied by the correlation functions can not be solved uniquely. In a recent paper [18] , an N = 2 super-CFT with a coupling constant b is proposed and claimed to be equivalent to the N = 2 SLFT with coupling 1/b. These two CFTs are correlated by the transformation b → 1/b. Based on this conjecture, the bulk two-point functions, "reflection amplitudes", for both Neveu-Schwarz (NS) and Ramond (R) sectors have been derived and various independent checks have been made.
In this paper we compute the one-point functions of the N = 2 SLFT. These quantities can provide the conformally invariance boundaty states for the D-brane condensations [11, 12] . The standard approach initiated in [13, 14] and followed by [13, 15, 16] to calculate one-point functions is to derive functional relations based on a conformally invariant boundary action which provides some boundary screening operators. This boundary action for the N = 2 SLFT has been recently derived in [19] . But the same problem as before arises here too. Namely, the N = 2 SLFT with this boundary action is not dual either. Without this, one can not solve the functional relations uniquely. One possibility to overcome this would be to find a conformal boundary action for the newly proposed N = 2 super-CFT. However, this approach seems quite difficult considering the nonlocal bulk action. Instead, in this paper, we choose a totally different approach which is initiated in [14] and adopted for independent checks in [15, 16] . This approach is to use the relation between the one-point functions and the conformal boundary states [20] .
Recently, the one-point functions have been conjectured for for a special value of coupling constant, b = 1, and for a special BC, namely, the identity BC, in the context of two-dimensional superstring theory [12] . In this paper, we provide the one-point functions which are valid for any value of the coupling constant b and for general BCs parametrized by a continuous parameter. Furthermore, we perform various consistency checks to confirm our results. Using the relation between the one-point functions and the bulk reflection amplitudes, we rederive the latters and compare them with those derived previously in a quite independent way [21, 18] . This paper is organized as follows. In sect.2 we introduce the bulk and boundary actions of the N = 2 SLFT along with notations. Then, we derive the character formulae analyzing the null state structure of the N = 2 SLFT and show how these characters are related under the modular transformations in sect.3. In sect.4, we present our main results, the one-point functions and several consistency checks. We discuss a relation to boundary two-point functions and some concluding remarks in sect.5.
N = Super-Liouville Theory
The action of the N = 2 SLFT with the boundary is given by
where the boundary action is derived to be [19] 
As in the LFT and the N = 1 SLFT, one should introduce a background charge 1/b so that the second term in Eq.(2.1) becomes the screening operator of the conformal field theory (CFT). As mentioned earlier, this background charge is unrenormalized due to the N = 2 supersymmetry and the N = 2 SLFT is not self-dual.
The stress tensor T , the supercurrent G ± and the U(1) current J are given by
3)
Using the mode expansions for the currents and their operator product expansion, one can find the N = 2 super-Virasoro algebra
with the central charge
Due to anti-periodicity for the (NS) sector, the fermionic modes are given by halfintegers while for the (R) sector they are integer modes due to the periodicity.
The primary fields of the N = 2 SLFT are classified into the (NS) and the (R) sectors and can be written in terms of the component fields as follows [22] :
where σ ± is the spin operators.
The conformal dimensions and the U(1) charges of the primary fields N αα and R ± αα can be obtained:
and
It is more convenient to use a a 'momentum' defined by 12) and the U(1) charge ω instead of αα. In terms of these, the conformal dimensions are given by
From now on, we will denote a (NS) primary state by |[P, ω] and a (R) state by |[P, ω, ǫ] with ǫ = ±1.
One can notice that the conformal dimenions and U(1) charges are invariant under
This means N αα should be identified with N 1/b−α,1/b−α and similarly, for the (R) primary fields, upto normalization factors. In terms of the momentum parameter, this means an invariance under P → −P . In semiclassical picture where the primary fields can be described by plane waves with momentum P in the bosonic zero-mode space, this relation would imply that the wave with a momentum P is reflected off from the potential wall and changes the momentum to −P . This qualitative description can be extended to the full quantum region where the exact reflection amplitudes are defined and computed using the functional relation methods. We will be back to this issue in sect.4.
Characters and Modular transformations
A character is defined by the following traces over all the conformal states built on a specific primary state:
Here k is a fixed constant for a given CFT and we set k = 1 + 2/b 2 for the N = 2
SLFT. Introducing the modular parameters given by
the modular group SL(2, Z) is generated by the two elements T, S
While the character transforms simply under T
the characters transform under S nontrivially and usually are expressed by the modular S-matrix:
N = 2 SLFT characters
To compute the N = 2 SLFT characters, one should classify all the decendents by acting the super-Virasoro generators on a highest weight state, excluding not independent states. If we denote a (NS) primary field by the momentum P and U(1) charge ω, the decendents are given by
where the exponents n i , m i are arbitrary nonnegative integers and ǫ
For generic values of P, ω, the N = 2 SLFT has no null states and the characters can be obtained by simply summing the states. Using the definition given above, the character is computed to be
where we have introduced standard elliptic functions in the second line
The denominator of Eq.(3.7) originates from the modes L −n and J −n and the numerators from G ± −r . For the SLFTs, one should introduce the (NS) sectors whose characters are defined by χ
For a N = 2 SLFT primary field with [P, ω], (−1) F term contributes −1 for those decendents with odd number of G ± −r . This effect can be efficiently incorporated into the character formula by shifting y → −y in the product. Therefore, the (NS) character is given by
The characters of the (R) sector are rather different. Decendents of a (R) primary field with [P, ω, ǫ] whose conformal dimension and charge are given in Eqs.(2.13) and (2.11) are constructed by acting L −n 's, J −n 's and G ± −r 's. While n should be positive, one should be careful for r. As noticed in [23] , the (R) primary states satisfy
Therefore, the (R) decendent module can include an extra state G ± 0 |[P, ω, ∓] and its decendents, respectively. Including these at each value of ǫ, one can find the (R) character
where we introduce another elliptic function
Modular Transformations
Here we consider only S transformation defined in Eq.
with t ′ = t + |ν| 2 /2τ . For irrational CFTs such as the SLFTs with infinite number of primary fields, the modular S-matrix will be indexed by continuous parameters and the summation will be replaced by integrations.
First, the modular transformation properties of the elliptic functions are wellknown:
Using these and Gaussian integrals, we have found the following modular transformations:
Chiral Primary fields
An interesting class of N = 2 SLFT primary fields is a chiral (and antichiral) primary field defined by G
Antichiral fields are defined by G − −1/2 . Since they are almost the same, we consider only the chiral fields. If a primary field is chiral, then it should satisfy
This means 1
We denote |ω = |[P, ω] . All the decendent states of a chiral primary field including G + −1/2 mode must be truncated from the Hilbert space. This means ǫ + 1/2 = 0 in Eq.(3.6). The character of a (NS) chiral primary field, then, can be written as Eq.(3.7) except one difference that the term (1 + yq n−1/2 ) term starts from n = 2 because the mode 
where ω n = ω+n and P n = i(bω n /2−1/2b). Each term in the sum transforms according to Eq.(3.17) and one can add the infinite coefficients to find
Similar formulae for the antichiral (NS) primary fields and (anti-) chiral fields of the (R) and other sectors can be obtained.
Identity (vacuum) operator
As we will see shortly, the identity operator plays a very important role in our derivation of the one-point functions. Therefore, we need to derive the character of this. The vacuum state |0 = |[−i/2b, 0] satisfies
This means that allowed decendents are given by Eq.(3.6) with restrictions that n 1 = ǫ ± 1/2 = 0. After excluding these states, one can find the (NS) character is given by
It is obvious that the two factors in the denominators arise in the same way as the chiral fields and the factor 1 − q in numerator comes from deducting the null state at level 1. If expanding the "specialized" character in a power series of q, we obtain
We can identify first few levels with explicit decendent states. As expected, the level 1/2 states are all truncated out and there is only one state left at the level 1, namely, J −1 |0 . Two states at the level 3/2 should be G ± −3/2 |0 and three states at the level 2 are created by L −2 , J −2 , J 2 −1 . To derive the modular transformation, we expand the denominator as before
and rewrite it in the following way:
where ω n = n and P n = i(nb/2 − 1/2b). Each term in the sum transforms according to Eq.(3.17) and one can add the infinite coefficients to find
We will need the character of the identity operator in the ( NS) sector in the next section. In this sector, the Hilbert space of the conformal tower of the identity operator is the same as the (NS) sector. As explained previously, the basic difference in this character arises from the (−1) F which changes y → −y in effect. Therefore, the character is given by
which can be reexpressed as
Using the same method, one can find the modular transformation with the conformal dimensions given in Eq.(2.10). We will simply refer to the coefficients U N S (α, α) and U R (α, α) as bulk one-point functions.
Vacuum Boundary Condition
According to Cardy's formalism, one can associate a conformal BC with each primary state [9] . For the N = 2 SLFT, there will be infinite number of conformal BCs. These BCs can be constructed by the fusion process and related to the one-point functions. Let us begin with the 'vacuum' BC which corresponds to the identity operator. Through the modular transformation, this satisfies
Here we introduced a inner product between the Isibashi state of a primary state and the conformal boundary state
Comparing with Eq.(3.32), we can obtain
, one can solve this upto some unknown constant as follows:
The unknown constant X N S does not depend on P, ω and can not be determined by the modular transformation alone. We will derive this constant later in this section by comparing with the bulk reflection amplitudes.
Similarly, for the (R) sector, we define the (R) amplitude by
From Eq.(3.36) we can find
whose solution is given upto a unknown constant by:
Again, the unknown constant X R will be fixed later.
Continuous Boundary Condition
Now we consider a continuous BC associated with a primary field. This field should be (NS) and its U(1) charge should be zero because only the boundary neutral operators appear when a degenerate field approaches on the boundary as we will see in sect. 
Now following previous analysis of the modular transformation, this character should be written as
Here we have defined an inner product between the conformal boundary state and an Ishibashi state Ψ N S 
One can follow the same step for the (R) sector. From Eq.(3.18) with P = s, ω = 0, one can find Ψ
Using Eq.(4.8) on this, we can obtain
The amplitudes (4.15) and (4.19) we have obtained are the one-point functions of the two sectors upto some normalization constants. To fix these constants, we recall the relation proved in [20] 
where k is a conformal BC, φ a primary field, and |φ , its Isibashi state. For the N = 2 SLFT, this relation means
From Eqs.(4.15) and (4.19) we can obtain the one-point functions as follows:
where the normalization coefficient N can be fixed by
Then, from U R s (−i/2b, 0) = σ ± , one can find
The constants X N S and X R will be fixed shortly.
Bulk Reflection Amplitudes
The invariance of both conformal dimensions and U(1) charges under Eq.(2.14) means that N 1/b−α,1/b−α should be identified with N αα and similarly for the (R) operators upto normalization factors. The reflection amplitudes are defined by two-point functions of the same operators 
and similarly for the (R) sector. Here the part . . . can be any products of the primary fields.
It turns out that the computation of these quantities are much more complicated than those of the LFT or the N = 1 SLFT case. If we repeat, the reason is the lack of the self-duality. In [18] , the reflection amplitudes of the primary fields with zero U(1) charges have been derived based on a conjectured N = 2 super-CFT which is dual to the N = 2 SLFT. While these results are based on the conjecture, the resulting reflection amplitudes have passed several consistency checks. Moreover, these results are in exact agreement with the reflection amplitudes which have been derived from certain integrable field theory with two parameters proposed in [25] which generates N = 2 supersymmetry at special values of couplings [21] . This agreement between two independent approaches strongly supports for the validity of the reflection amplitudes.
Here, we provide another independent derivation of the reflection amplitudes based on the one-point functions we have derived. This computation will provide not only another confirmation of the results and the dual action which is a basis of them, but also can be used to fix the undetermined constants. The reflection relations among the correlation functions can be used for a simpliest case, namely the one-point functions. In this case, the relation becomes
These lead to the following equations:
For the neutral sector with ω = 0, the reflection amplitudes has been derived in [18] 
This provides a nontrivial check and completes our derivation for the one-point functions. Furthermore, we can use Eq.(4.31) to compute the reflection amplitudes for ω = 0 case which has not been known before. The results are
(4.36) and
(4.37) These results can be compared with those from the two-parameter family models [21] and we checked that two independent results match exactly.
To complete our derivation of the one-point functions, we should relate the boundary parameter s with the boundary cosmological constant µ B in Eq.(2.2). In principle, one should do this by deriving the functional relations following [13, 15, 16] . Solving these coupled equations, one can find the relation between the boundary parameters. However, without the boundary dual theory, this method does not work well for the N = 2 SLFT. Instead, we analyze the pole structure of the one-point functions and compare them with direct calculations using the bulk and boundary action.
For this, we consider one-point function of a neutral (NS) field N αα residue U N S (α)
where V, B are the interaction terms in the bulk and boundary actions. If we choose n = 1 (α = 1/2b − b/2), all terms vanish except p = 0, q = 2 which can be easily computed: 
Comparing these two, we find
Semiclassical Checks
These results can be checked, semiclassically. As b → 0, the N = 2 SLFT (2.1) can be described by the Schrödinger equation 
and can show that they are consistent with Eqs.(4.36) and (4.37).
Another interesting check is to compute the inner product semiclassically following [13] In this paper, we have derived one-point functions of the N = 2 SLFT and provided various consistency checks. Our consistency checks also confirms the validity of the dual N = 2 super-CFT conjecture in [18] and the boundary action proposed in [19] . It would be interesting to provide the boundary action for the dual theory so that one can complete the boundary bootstrap procedure for the N = 2 SLFT with the boundary. Our result can be applied to 2d superstring theories and related topics generalizing the work on the N = 1 SLFT [11] . These results also can be used to study the integrable quantum field theories with N = 2 supersymmetry which can be constructed as perturbed N = 2 SLFT. We hope to report a progress in this direction in future publications.
Note Added
On the day we submit this paper, we have found a paper (hep-th/0311141) appeared in the arichive whose results overlap with ours in large part. That paper deals with the one-point functions for the vacuum BC and their applications and implications to the string theory. One main difference is that we also provide one-point functions for continuous BCs, a general case of the N = 2 LFT, parametrized by the boundary cosmological constant.
